We investigate the amount of fine tuning of the electroweak scale in the presence of new physics beyond the MSSM, parametrized by higher dimensional operators. We show that these significantly reduce the MSSM fine tuning to ∆ < 10 for a Higgs mass between the LEPII bound and 130 GeV, and a corresponding scale M * of new physics as high as 30 to 65 times the Higgsino mass. If the fine-tuning criterion is indeed of physical relevance, the findings indicate the presence of new physics in the form of new states of mass of O(M * ) that generated the effective operators in the first instance. At small tan β these states can be a gauge singlet or a SU (2) triplet. We derive analytical results for the EW scale fine-tuning for the MSSM with higher dimensional operators, including the quantum corrections which are also applicable to the pure MSSM case in the limit the coefficients of the higher dimension operators vanish. A general expression for the fine-tuning is also obtained for an arbitrary two-Higgs doublet potential. 
1 Introduction. Low-energy supersymmetry offers an elegant solution to the hierarchy problem. One consequence of this is that it introduces a spectrum of supersymmetric states in the visible sector with mass of the order of the electroweak scale. However, none of the superpartners of the Standard Model have been seen, although there is hope that LHC will soon remedy this. In trying to determine the physics beyond the Standard Model the fact that no superpartners have been observed is significant as it (re)introduces the need for some amount of fine tuning of the parameters of the minimal supersymmetric standard model (MSSM), to separate the electroweak and supersymmetry breaking scales (the "little hierarchy problem"). On the other hand circumstantial evidence for supersymmetry such as the successful unification of couplings [1, 2, 3, 4] or radiative electroweak breaking [5] is consistent with and in fact requires the existence of such light superpartners. can only be achieved at the quantum level, by a large top quark/squarks loop correction to m h . To maximise this, the top squarks must be quite massive or highly mixed implying that the MSSM model is fine-tuned.
Various definitions of fine tuning have been proposed. The most popular one [7] is based on the logarithmic derivatives of the observables with respect to the set of parameters considered.
It has been widely used in quantifying the fine tuning in the MSSM [8, 9, 10, 11, 12, 13, 14] and we shall use it in this analysis. The new feature of our analysis starts with the premise that if low-energy supersymmetry is indeed the solution to the hierarchy problem, a significant amount of fine tuning of the electroweak scale in the MSSM may in fact suggest that there are additional new degrees of freedom in the theory beyond those of the MSSM. There are many models that consider additional degrees of freedom beyond the MSSM in order to reduce the amount of fine tuning. The NMSSM is just such an example [15] which has an extra chiral singlet. One can consider other MSSM extensions with more chiral fields, additional gauge interactions, etc. Each of these brings different solutions to the little hierarchy problem and it is difficult to assess which of these is the most compelling. In this paper we perform a model independent analysis of the nature of this new physics based on a general parametrisation of physics beyond the MSSM. In particular we extend the MSSM by the addition of higher dimensional operators [16, 17, 18, 19] that encode the effect of all possible new physics at scales below the appearance of the new degrees of freedom. Having identified the most relevant operators one can later address the question of what new physics generated these operators in the first instance. The advantage of the effective approach is that it provides an organising principle according to which one usually restricts the analysis to operators of a given (leading) order in the scale of new physics M * , with higher order operators suppressed by higher powers of M * . The analysis we consider includes dimension d = 5 and d = 6 operators beyond MSSM [20, 21, 23] . For the case of d = 5 operators we determine the amount of fine tuning as a function of the mass of the lightest Higgs corrected by the quantum contributions using both analytical and numerical techniques. One-loop renormalisation group corrections in the Higgs potential are also included.
The expectation that higher dimensional operators can reduce the amount of fine tuning is broadly based on two arguments. Firstly these operators may directly increase the tree level value of m h [20, 21] . Consequently the tree level upper bound on m h may be relaxed, and the quantum effects needed to satisfy LEPII bound may be smaller, corresponding to reduced fine tuning. Secondly, the higher dimensional operators may generate additional contributions to the quartic Higgs couplings of the MSSM, again serving to increase the Higgs mass. This effect can be quite significant because, in the MSSM, the quartic coupling, (g 2 2 + g 2 1 )/8, where g 2 and g 1 are the SU (2) × U (1) gauge couplings, is anomalously small; indeed its smallness is a major source of the little hierarchy problem. For the case of just the d = 5 operators a numerical study shows that these effects can reduce the amount of fine tuning, ∆, of the electroweak (EW) scale relative to the MSSM case, to less than 10 for a Higgs mass in the range 114.4 GeV ≤ m h ≤ 130 GeV even for a scale of new physics as high as (30 to 65) times the higgsino mass, and possibly above the LHC reach. We also give in Appendix an analytical formula for the EW fine-tuning in a general two-Higgs doublet model, which can be easily applied to specific models.
The plan of the paper is as follows. Section 2 lists the d = 5 and d = 6 operators that are consistent with the MSSM symmetries and that can affect fine tuning. In Section 3 we evaluate analytically and numerically the fine tuning in the MSSM extended by the d = 5
operators. The conclusions are given in Section 4.
Higher dimensional operators beyond MSSM Higgs sector
In this section we list the effective operators of dimension d = 5, 6 that can be present in the Higgs sector consistent with the symmetries of the MSSM. These operators parametrise new physics beyond the MSSM and affect the Higgs scalar potential. Therefore they also affect the amount of fine tuning of the EW scale, as discussed in detail in the next section. The (R−parity conserving) d = 5 operators in the MSSM Higgs sector are:
where S is the spurion field, S = θθ m 0 , A(S, S † ), B(S, S † ), C(S, S † ) are polynomials in S, S † and m 0 is the susy breaking scale in the visible sector (in gravity mediation m 0 = F h /M P lanck where F h is the auxiliary field vacuum expectation value (vev) in the hidden sector responsible for supersymmetry breaking). As we discuss in Section 3.5 the first operator can be generated, for example, by integrating out massive gauge singlets or SU (2) triplets, while the second is easily generated by integrating out a pair of massive Higgs doublets [21] , all of mass of order M * .
In [21, 22] it was shown that by using general field redefinitions one can remove L 2 from the action. The effect of this is an overall renormalisation of the soft terms and of the µ term. Since the fine tuning measure includes the fine tuning with respect to each of these soft operators separately adding L 2 cannot reduce the overall fine tuning. For this reason we will only include L 1 in our discussion of fine tuning with d = 5 operators.
There are also d = 6 operators that can be present in addition to the MSSM Higgs sector.
These are suppressed relative to the d = 5 operators by the factor 1/M * . However they may
give contributions to the Higgs potential enhanced by tan β relative to the d = 5 so cannot be ignored at very large tan β. The list of d = 6 operators is (see also [16, 17] ):
3 Fine-tuning in MSSM with d=5 operators (MSSM 5 ).
The scalar potential
In this section we evaluate the EW scale fine-tuning in the MSSM extended by L 1 in eq.(1).
Including it together with the MSSM, the full Higgs Lagrangian is then given by
The corresponding scalar potential is given by
where
The coefficients σ i depend on t ≡ ln M 2 G /Q 2 with functional dependence given in [7, 25, 26, 27, 28] . The (high scale) boundary values (t = 0) are normally chosen to be σ 1,2,..,6 = 0,
) the values of these coefficients are given in Appendix A in terms of the top Yukawa coupling. To simplify notation we will not display the argument t z in what follows.
The quartic term δ|h 2 | 4 is generated radiatively [13, 24] . Including leading log two-loop effects one has
with
, and g 3 is the strong coupling.
The minimum conditions for V can be written as:
with the notation
and where:
Note that in deriving these expressions we have discarded non-leading log corrections except those to the quartic Higgs coupling where the tree level term is anomalously small.
Analytical results for fine-tuning
The fine tuning of the EW scale with respect to a set of parameters p introduced in [7] is
With m 2 = m 2 (p, β), λ = λ(p, β) we can find ∂β/∂p from the second of eqs.(11) (more precisely this determines the parameter dependence of β min ):
Using this one finds [14] 
A general two-Higgs model
Using eq. (14) we derived a general analytical result for the fine-tuning of the EW scale in a general two-Higgs doublet model allowing for the most general renormalisable Higgs potential, see Appendix B, eq.(B-6). The results are presented in terms of derivatives of the soft masses and couplings of the scalar potential.
The MSSM with dimension-five operators (MSSM 5 )
Applied to the case of the MSSM with dimension-five operators the results presented in Appendix B give:
Also:
with the notation:
and
The contributions ∆ ζ 2 i are proportional to ζ i so, for small enough changes from the MSSM case, the fine-tuning introduced with respect to these new parameters is small and sub-leading relative to that for the other parameters.
It is convenient to treat β as the free parameter rather than B 0 . Using the second minimum condition of (11) (after replacing m 2 3 by (9)), one finds
Note that γ 1,4 brings some extra ζ 1,2 dependence through B 0 , while γ 2,3 are ζ 1,2 independent. given in (A-1). They depend only on the top Yukawa coupling at m Z . The only approximation in obtaining the above expressions for ∆ p 's is that we did not include the effect of derivatives (with respect to parameter p) acting on δ (the radiative correction to the quartic term). This is a legitimate approximation since this effect is numerically very small (for the MSSM alone it induces an error for fine-tuning ∆ equal to or less than unity, while in the MSSM 5 the error is even smaller (1%); for larger tan β this error is further reduced).
The above results for the fine-tuning measure simplify in the limit of ignoring the RG effects on the masses i.e. σ 1,2,3,...,6 = 0; σ 7,8 = 1.In this case
Ignoring RG effects on the quartic couplings too, δ = 0, then γ 4 = 4B 0 m 0 µ 0 sin 2β − (g 2 v 2 /2) cos 4β, γ 2 = 0. Finally, in the limit ζ 1,2 = 0 of the fine tuning relations ∆ p , one obtains analytical expressions for the EW scale fine tuning in the MSSM alone, with γ 1,...4 as in (24) . Since these may be useful for other studies, they are provided in Appendix A.
3.3 The large tan β limit.
The above formulae for the fine-tuning simplify considerably in the limit of large tan β. Ignoring terms suppressed by inverse powers of tan β one has
One may see that all the fine tuning measures are suppressed by the factor (1 + δ) −1 demonstrating why quantum corrections to the quartic Higgs coupling can significantly reduce the fine-tuning. A similar effect applies at small tan β as well.
Dimension-six operators
The operator analysis used here has a limited range of validity because it corresponds to integrating out new heavy degrees of freedom. If the mass of these degrees of freedom is not much above the energies being probed, the operator analysis breaks down and one must deal 
This should be compared to the leading quartic Higgs term coming from the dimension-five operators in eq. (7) 
where, for example, p can be µ 2 0 . The partial derivative is readily obtained from eq.(9). The dominant effect of the d=6 operator on fine tuning is the appearance of the effect of the 8ν/g 2 term in the denominator, reducing the fine tuning for the appropriate sign of 8ν/g 2 . (note that c.f. eq.(27) such a term is not generated by the dimension-five term at large tan β). The effect of this reduction is sizeable. Taking, for example, m 0 /M * ≈ 1/10 and c 1 = 3, then 8ν/g 2 ≈ 1/2 which is close to the numerical value of δ entering the denominator. One sees that d = 6 operators can bring a reduction of ∆ µ 2 0 relative to that of the MSSM including top/stop effects, of order (8ν/g 2 )/(1 + δ + 8ν/g 2 ) ≈ 30%.
In the following numerical analysis we include only the effects of dimension-five operators. 
Numerical results
We are now in a position to determine the fine-tuning in the extended MSSM Higgs sector.
We will present this as a function of the mass m h of the lightest CP even Higgs. This is given by:
Using the results of the previous section we compute the fine tuning for a sample of points in parameter space in the region with: 1.5 ≤ tan β ≤ 10, 50 GeV ≤ m 0 , m 12 ≤ 1 TeV, 130 GeV ≤ µ 0 ≤ 1 TeV, −10 ≤ A t ≤ 10 and 171.2 ≤ m t ≤ 174 GeV consistent with m t = 172.6 ± 1.4 GeV [29] , and with the signs for ζ 1,2 chosen so as to reduce the fine tuning.
The results are shown in Figures 1 to 3 . Note that in these figures the structure apparent at small ∆ and large m h is probably a scanning artefact. We expect the under-dense wedge shaped regions will be filled in with a more dense parameter sample. Similarly at very large ∆, corresponding to very precise relationships between parameters, there will be some points corresponding to high values of m h that are not picked up by our finite parameter scan.
Turning to our results, as a benchmark Figure 1 gauge singlet or a triplet [20] . Consider the case of a massive gauge singlet X with Lagrangian
For M * ≫ µ, m 0 , one may use the eqs of motion to integrate out X, giving, to leading order
The supersymmetry breaking terms associated with this operator are obtained by replacing λ → λ(S) giving the d = 5 operator of interest. Note that L X has a similar form to that of the NMSSM. However in the NMSSM the singlet field has mass of order the electroweak breaking scale and cannot be integrated out whereas here we are taking the singlet mass to be much larger than the EW scale.
However, the origin of the d = 5 operator cannot be uniquely ascribed to a gauge singlet field. Indeed it may equally well point to the existence of SU (2) triplets [30, 30, 31, 32 
of hypercharge ±1, 0. In this case a Lagrangian of the form
gives, to lowest order in 1/M * , eq.(33) with λ 2 x replaced by λ 1 λ 2 . More generally, one can generate the d = 5 operator through a combination of both gauge singlets and triplets.
However note that the pure singlet X case has the advantage of not affecting the gauge couplings unification (at one-loop), which is not true for the SU (2) triplet.
What about additional, massive, SU (2) doublets that couple to the MSSM Higgs sector?
One may readily show that integrating them out does not generate, to lowest order in 1/M * , an operator of the type (33) .
There remains the possibility that the new physics is due to the effect of new massive vector gauge superfields. The simplest example is the case there is a new U (1) ′ gauge symmetry under which the Higgs sector is charged. This brings extra quartic contributions to the scalar potential that are expected to reduce the fine-tuning [12, 33, 34] . Assuming the U (1) ′ is broken at M * one obtains the effective Lagrangian to leading order in inverse powers of M * given by
where g ′ is the U (1) ′ coupling and q 1,2 are the charges of the Higgses under U (1) ′ (q 1 +q 2 = 0).
Note that, after including the associated supersymmetry breaking operators, this corresponds to the d = 6 effective operators [20] of eq. (3) and that no d = 5 operators are generated.
In summary, the requirement that the SUSY extension of the MSSM should not have 
Further remarks on fine tuning
Effective field theory approaches to the fine tuning of the electroweak scale were used before in models of low susy breaking scale scenarios [14] 
Conclusions
The The results for fine tuning given above considered a common bare gaugino mass, but this restriction can easily be lifted to obtain similar expressions.
B Evaluation of fine-tuning ∆ p in general two-Higgs doublet models.
We present here the analytical result for the EW fine-tuning wrt a parameter p, for an arbitrary which recovers the results of (27) .
